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Abstract Metastructures and phononic crystals could have several unique physical properties, such as effec-
tive negative parameters, tunable band gaps, negative refraction, and so on, which allow them to improve
multi-physical performances at the materials level. Motivated by the elastic negative mass metastructures,
this work reports the enhancement of bandwidth and vibration suppression while achieving better energy
harvesting via non-linear attachments. We propose to consider the effect of spring softening and spring
hardening simultaneously along with exploiting the coupled influence of multiple variables, such as spring
stiffness, damping, number of unit cells, electro-mechanical coupling coefficient and masses. A mathemati-
cal model of the metastructure having linear spring with nonlinear attachments is developed and analyzed
numerically including the effect of functional gradation. Dimensionless parametric study is performed to
tune two-cell and multi-cell models to enhance vibration suppression and energy harvesting performances.
In an eight-cell model, the non-linear characteristic parameter is functionally graded from softening to
hardening using exponential and power law to explore the dual functionality further. It is revealed that
the resonant peak can be reduced by non-linear softening characteristics. For enhanced energy harvesting,
a smaller value of mass ratio is preferred, while a larger value of damping characteristic is suitable for
vibration suppression. Under certain configurations, band structure of the phononic metastructure is capa-
ble of achieving absolute band gaps, resulting in frequency ranges, where waves cannot propagate. The
comprehensive analysis presented here on the effect of various system parameters would lead to the design
of non-linear multi-resonator metamaterials for the dual functionality of vibration attenuation and energy
harvesting that can be applied in a wide range of automated systems and self-powered devices including
the capabilities of real-time monitoring and active behaviour.

1 Introduction

Vibration problems have significant impacts on a
wide range of engineering applications including civil,
aerospace and mechanical engineering, where vibra-
tion and dynamic loading conditions are frequently
encountered. When a structure or component of equip-
ment is exposed to periodic movements, vibrations are
observed. The vibration and resulting resonance effects
can generate extreme stresses leading to extreme defor-
mations of structure, which further can lead to failure of
structures in some cases. As a result, vibration analysis
is an important aspect of structural designs to ensure
safety and serviceability. For example, resonance in air-
craft wings needs to be eliminated, as it could dras-
tically affect the flight conditions. Tall buildings and
bridges are subjected to the large amplitude of vibra-
tion due to wind, earthquakes, water waves, and vehicle
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movements. The Tacoma Narrows Bridge collapsed in
1940 as a result of resonance due to the wind [1], which
highlights the importance of appropriate dynamic anal-
ysis and design.

In a conventional energy harvesting system, a sin-
gle mechanical resonance peak can amplify the ampli-
tude of vibration that can be used to convert mechan-
ical energy to electrical energy. Although natural fre-
quency can amplify the mechanical vibration ampli-
tude for a frequency domain but other than natural
mode, it can affect the energy harvesting performance.
In addition, we can adjust the natural frequency and
size of the natural frequency peak by changing the lim-
ited design parameters, but other effective characteris-
tics for energy harvesting such as the width and shape
of the peak are difficult to be fine-tuned.

In the last few years, the concept of mechanical
metamaterial has come to light that gives rare and
unexpected properties, which are not found in tradi-
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tional materials, due to adoption of rationally designed
material architectures [2–9]. In comparison to natural
materials, metamaterials exhibit unprecedented innova-
tive capabilities and promising application potentials to
meet the modern multi-functional structural demands.
Elastic mechanical metamaterials can exhibit uncon-
ventional physical properties, such as negative mass and
negative stiffness for a specified frequency range. Huang
et al. [10] demonstrated and compared various similar
models to showcase the structures consisting of mass
in the mass system. They discovered that the effective
mass density of mass in a mass lattice system varies
with frequency and at the resonance of inner mass,
effective density could be negative. Huang et al. [11] and
Li et al. [12] presented an acoustic metamaterial with
a negative mass density and negative Young’s modu-
lus simultaneously. Cheng et al. [13] showed that one-
dimensional structured ultrasonic metamaterials can
exhibit both negative effective mass and bulk modulus
simultaneously for specific frequency ranges. Yang et
al. [14] presented experimentally and theoretically that
membrane-type acoustic metamaterials show negative
dynamic mass at a frequency around the total reflection
frequency. Recently Mukhopadhyay and Adhikari have
presented analytical and experimental investigations for
2D lattice-type metamaterials showing extreme modu-
lation of effective elastic moduli under dynamic con-
dition, including attainment of the negative values at
certain critical frequency ranges [15–18].

Bandgap is the ability of materials to restrict the
wave transmission over a specified frequency range.
Reynolds et al. [19] presented a new form of visco-
elastic metamaterial that can be used as highly effi-
cient vibration isolator at a lower frequency range. A
mathematical analysis was carried out to develop a pro-
totype for manipulating the bandgap. Conventionally
tuned mass dampers generate narrow bandwidth fre-
quency, but in the mechanical metamaterials the band
width can be increased widely by tuning the system
parameters. Distinctive bandgap of structures results
in better vibration isolation and energy harvesting per-
formance [20]. Huang et al. [21] proposed mass in mass
lattice system with multiple resonator acoustic meta-
material to attain multiple band gaps. They reported
that major bandgaps are achieved by the outer mass. A
phononic medium is a type of structure which exhibits
some form of periodicity in terms of material, geom-
etry or boundary condition. Hussein et al. [22] pre-
sented the historical development of dynamic, vibra-
tion, and acoustic response of the phononic structure.
Nonlinear energy sinks use smaller mass as compared
to vibration absorber and widen the frequency range
to minimize vibrations [23,24]. Broad bandwidth can
be achieved by introducing non-linearity in energy har-
vesters. The bandwidth of a device can be increased
by the non-linear energy harvester due to the hard-
ening and softening responses [25]. Cottone et al. [26]
enhanced the performance of standard linear oscilla-
tors by exploitation of non-linear oscillators. Xia et
al. [27] proposed enhancement of frequency bandwidth
in locally resonant metamaterial based finite structure

via bi-stable attachments. Lazarov et al. [28] investi-
gated the dynamic characteristics of one dimensional
chain with nonlinear oscillators and analysed the band
gap shift in linear and non-linear systems. Xia et al.
[29] showed the transition from linear locally resonant
bandgaps to non-linear regimes. Enhancement of band-
width can be observed in cantilever beams under base
excitation with non-linear attachment. Banerjee et al.
[30] numerically investigated the effect of applying two
main classes of duffing type cubic non-linearity named
mono-stable and bi-stable on the attenuation band-
width of an elasto-dynamic metamaterial. They found
that the bandwidth of a bi-stable non-linear system
is 2–3 times wider than the equivalent linear system
and in the case of mono-stable system bandwidth does
not change a lot. Concerning the increase in vibra-
tion attenuation bandwidth of metastructures, linear
spring, non-linear spring, damper, electro-mechanical
transducer are found to affect the dynamic response in
literature [28,31,32].

Metastructures for vibration mitigation can be simul-
taneously used for energy harvesting [33–35]. Piezo-
electric materials have the ability to convert mechani-
cal strain energy into electrical voltage and vice versa
[36–38]. Piezoelectric and electromagnetic conversion
methods are most commonly used to convert mechani-
cal energy into electrical voltage [39,40]. The produced
electrical power can be used to operate the sensors for
health monitoring and a range of low-power automa-
tion devices [41], covering applications in the fields of
structural monitoring, medical implants and industrial
automation. Figure 1 presents an introductory overview
of vibration isolation, energy harvesting and general
application of mechanical metamaterials. Sodano et al.
[42] provided a review on recent research on power har-
vesting using piezoelectric materials. Tang et al. [43]
presented multiple models for multiple degrees of free-
dom piezoelectric energy harvesting modes. They ana-
lyzed different models and tuned the models to enhance
energy harvesting performance. Erturk et al. [44] devel-
oped a vibration-based piezoelectric generator, with
detailed investigation on modelling, design and opti-
mization of power generation. Carrara et al. [39] used
three concepts covering wave focusing, energy localiza-
tion and wave guiding to develop metamaterials for
improved energy harvesting. It was shown that the
metamaterial energy harvesting system can increase the
power by many orders of magnitude.

The linear resonators have shown narrow-banded
performance from vibration attenuation and energy
harvesting point of view [45]. The nonlinear charac-
teristics in energy harvesting have shown significant
enhancement of energy output efficacy [42,44]. Similar
effects can be observed when nonlinear resonators are
used in metastructure for vibration attenuation [29].
Rezaei et al. explored possibilities of vibration attenua-
tion and energy harvesting with bistable absorber [46].
They reported enhancement in both vibration atten-
uation and energy harvesting efficiency. The recent
years have witnessed that a better vibration reduc-
tion and simultaneous vibration energy harvesting can
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Fig. 1 Overview of the dual functionality of vibration
attenuation and energy harvesting in metamaterials. A
Typical representation of high amplitude mechanical waves
encountered by structures. B Structures vulnerable to high
amplitude vibration. C Sensors which operate in the vibra-
tion environment. D Typical representation of phononic
metamaterial structure. E A metamaterial with negative
density. F Energy harvesting circuit that is embedded in
the unit cell. G Low amplitude mechanical waves as an out-

put of the metamaterial. Due to the specific structure of
negative density metamaterials, high amplitude mechanical
waves can be modified to low amplitude waves and subse-
quently the potential of energy harvesting using the vibra-
tional energy can also be enhanced. Due to such dual func-
tionality, these metamaterials have potential applications in
vibration mitigation while enabling the manufactured self-
power devices for health monitoring and real-time interro-
gation of various operation features

be achieved by inducing nonlinearity. Many of the lit-
erature have considered metastructures with repeated
similar nonlinear resonators for vibration attenuation
and energy harvesting [33]. These resonators usually
exhibit either softening or hardening characteristics. In
this paper, we aim to consider resonators with spring
softening and spring hardening and combination of
both softening and hardening effect with different lin-
ear natural frequencies to understand the effect on
vibration attenuation and energy harvesting. A care-
ful review of literature in the field of dynamic meta-
materials reveals that the dual functionality of max-
imizing vibration attenuation and energy harvesting
simultaneously is challenging due to their contradictory
demands in terms of vibration amplitude. Here we aim
to address this aspect of dual functionality based on
negative density metastructures, which have a poten-

tial to enhance the vibration attenuation and energy
harvesting performance by introducing nonlinear spring
in inner mass (softening and hardening spring) of the
unit cell, and exploiting the coupled influence of multi-
ple variables, such as spring stiffness, damping, number
of unit cells, electro-mechanical coupling coefficient and
masses. Hereafter in this paper, Sect. 2 presents system
mathematical models and equations for the metamate-
rial, Sect. 3 presents numerical simulation results and
brief discussion of the outcomes, and finally, conclusions
of the current work is provided in Sect. 4.

2 Non-linear metamaterial model

Figure 2A represents negative mass metamaterial multi-
cell model with piezoelectric transducer. Negative den-
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Fig. 2 Multi-cell metastructure model. A The proposed
metamaterial has two masses in each unit cell, where vibra-
tion of the in-cell masses is responsible for energy harvesting
and the amplitude of primary mass for the last unit cell nor-

mally contributes to the aspect of vibration mitigation. B
Free body diagram (FBD) of outer mass (m1). C FBD of
inner mass (m2), where f1 = kli(x2i −x1i) + kni(x2i −x1i)

3

sity metastructure is referred to as a mass-in-mass
system which can be mathematically modeled as an
outer sphere having mass (m1) connected with an inner
sphere of mass (m2) with non-linear spring, damper and
energy harvesting devices. The primary system is con-
sidered as a chain of linear spring (k1), damper (c1)
and mass (m1) system. Each main mass (m1) con-
sists of local nonlinear resonator with nonlinear spring
(linear stiffness kli and nonlinear cubic stiffness kni),
damping (c2) and inner mass (m2). These resonators
are attached to piezoelectric patches for energy har-
vesting with electro-mechanical coupling coefficient (θ),
capacitance (C) and resistance (R). The system is sub-
jected to harmonic base excitation Xgcos(ωt). The volt-
age generated by a unit cell is vi. Figure 2B represents
the free body diagram of outer mass m1 and Fig. 2C

represents the free body diagram of inner mass m2.
Under the dynamic condition, the governing equations
of motion for the ith element are

m1ẍ1i +c1(−ẋ1(i−1) + 2ẋ1i − ẋ1(i+1))
+c2(ẋ1i − ẋ2i) + k1(−x1(i−1)

+2x1i − x1(i+1)) + kli(x1i − x2i)

+kni(x1i − x2i)3 − θvi = 0 (1)
m1ẍ1n +c1(−ẋ1(n−1) + ẋ1n) + c2(ẋ1n

−ẋ2n) + k1(−x1(n−1)

+x1n) + kln(x1n − x2n) + kni(x1n

−x2n)3 − θvn = 0 (2)
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m2ẍ2i +c2(ẋ2i − ẋ1i) + kli(x2i − x1i)
+kni(x2i − x1i)3 + θvi = 0 (3)

vi
R

+ Cv̇i + θ(ẋ2i − ẋ1i) = 0 (4)

The value of nonlinear cubic stiffness can be changed
to get spring hardening (kni > 0) and spring soften-
ing (kni < 0) effects. The non dimensional form of the
above electro-mechanical equations are given as

Ẍ1i +ζ1(−Ẋ1(i−1) + 2Ẋ1i − Ẋ1(i+1))

+ζ2Γliμ(Ẋ1i − Ẋ2i) + (−X1(i−1)

+2X1i − X1(i+1))

+Γli
2μ(X1i − X2i) + λniΓli

2μ(X1i

−X2i)3 − μΓli
2βVi = 0 (5)

Ẍ1n +ζ1(−Ẋ1(n−1) + Ẋ1n)

+ζ2Γlnμ(Ẋ1n − Ẋ2n) + (−X1(n−1)

+X1n) + Γln
2μ(X1n − X2n)

+λnnΓln
2μ(X1n

−X2n)3 − μΓln
2βVn = 0 (6)

Ẍ2i +ζ2Γli(Ẋ2i − Ẋ1i) + Γli
2(X2i − X1i)

+λniΓli
2(X2i − X1i)3 + Γli

2βVi = 0 (7)

V̇i + ηVi + κ(Ẋ2i − Ẋ1i) = 0 (8)

where the non dimensional parameters are defined as

ζ1 =
c1

m1ω1
, ζ2 =

c2
m2ω2i

, Γli =
ω2i

ω1
, λ =

kni
kli

μ =
m2

m1
, ω1 =

√
k1
m1

, Ω =
ω

ω1
, β =

θ

kli

κ =
θ

C
, η =

1
CRω1

, ω2i =
√

kli
m2

(9)

The parameter τ (= ω1t) represents non-dimensional
time. For the first unit cell x1(i−1) is harmonic base
excitation Xgcos(ωt). Here a Matlab based ODE solver
is used to solve the time domain equations by neglect-
ing the transient effect of the dynamic system and
analysing the steady state response considering the last
25% time length.

The scope of the present work is to design a metas-
tructure to mitigate vibration and harvest energy for a
source, where frequency cannot be measured exactly.
Under such circumstances, metastructure should be
capable of mitigating vibration and harvesting enough
power within a known range of frequencies. The
manuscript presents a study to understand the effect of
spring softening, hardening, electromechanical coupling
and number of unit cells on the vibration mitigation and
energy harvesting efficacy subjected to harmonic base
excitation. However, in practice, the structures are sub-
jected to random (noise) excitations rather than har-
monic excitations (not within the scope of the current

paper). Thus, it would be interesting to see the effect
of noise magnitude on the dual performance criteria
including nonlinear oscillator for potential well escape
which in turn influences the dual functionality. The cur-
rent development would work as the baseline reference
for such future studies.

3 Results and discussion

In the mass in mass metamaterials at the resonance
frequency, the internal mass response is much larger as
compared to the outer mass response. In a particular
frequency bandgap more than the resonance frequency
of internal mass, for the given excitation, internal mass
shows out of phase response. Subsequently, for a unit
cell total movement becomes out of phase. This situa-
tion can be represented by negative mass to the equiv-
alent single degree of freedom system. Therefore, mass
in mass resonating material is called a negative mass
metamaterial. For a multi-cell metamaterial effective
properties of the system depend on the local resonance
of unit cells and out of phase motion of different unit
cells. Locally units of the metastructure can be able
to form bandgap for a wavelength higher than the lat-
tice length of a unit. The bandgap of metastructure
can be varied by changing the natural frequency locally.
The specifically designed metamaterials can modulate
the wave transmission via dynamic physical properties.
In the attenuation bandgap, energy can not transfer
through the metamaterial and major energy flows in the
in-cell resonating masses causing their high amplitude
response. Therefore, by applying an energy harvesting
system with the in-cell mass, energy can be converted
effectively from vibration energy to electrical energy.
This would serve the dual functionality of vibration
attenuation and energy harvesting. In the subsequent
paragraphs, we present numerical results on multi-cell
mass in mass metamaterials including the effect of non-
linearity.

We start our analysis by considering a 2-cell system
(with 4 degrees of freedom) and investigate the coupled
influence of different system parameters, as presented
in Fig. 3. The following parameters are used for obtain-
ing the numerical results unless otherwise mentioned:
ζ1 = 0.03, ζ2 = 0.1, μ = 0.2, η = 1, κ = β = 0.05. Fig-
ure 3A, B assumes the non-dimensional parameters as
Xg = 0.1 and Γl1 = Γl2 = 0.61 under a steady state
condition. Figure 3A represents the non-dimensional
steady-state RMS amplitude of the first mass (m1) of
last unit cell for different combinations of softening
and hardening coefficient (λ). We are getting double
valley phenomena, in which the first peak is having
a higher amplitude as compared to the second peak.
Enhancement of bandwidth will be found by the multi-
valley phenomena due to the presence of multi-degree
of freedom. For both cells having hardening coefficient
(λ1 = 0.1, λ2 = 0.1), we obtain largest RMS amplitude
of first peak. As we introduce softening coefficient in
both unit cells (λ1 = − 0.1, λ2 = − 0.1), lowest RMS
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Fig. 3 Dynamic behaviour of 2-cell metamaterial. Consid-
ered general non-dimensional parameters are ζ1 = 0.03, ζ2
= 0.1, μ = 0.2, η = 1, κ=β = 0.05. A RMS non-dimensional
amplitude of first mass versus Ω for different combination of
hardening and softening coefficient (λ). B Total voltage gen-
erated versus Ω for different combination of hardening and
softening coefficient (λ). In A, B non-dimensional parame-
ters are taken as Xg = 0.1 and Γl1 = Γl2 = 0.61. C RMS
non-dimensional amplitude of first mass versus Ω for differ-

ent Xg. D Total voltage generated versus Ω for different Xg

E RMS non-dimensional amplitude of first mass versus Ω
for different combination of linear stiffness coefficient (Γ).
F Total voltage generated versus Ω for different combina-
tion of linear stiffness coefficient (Γ). In C–F, other non-
dimensional parameter are (λ1 = 0.1, λ2 = − 0.1). For C,
D the non-dimensional parameter is taken as Γl1 = Γl2 =
0.61. In E, F the non-dimensional parameter is taken as Xg

= 0.1
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Fig. 4 Dynamic behaviour of multi-cell metamaterial. A
RMS non-dimensional amplitude of first mass of last unit
cell (X1n) versus Ω for different number of unit cell (n).
B Total voltage generated versus Ω for different number
of unit cell (n). C RMS non-dimensional amplitude of first
mass of first unit cell (X11) versus Ω for different number of

unit cell (n). D Maximum peak of total voltage, RMS non
-dimensional amplitude of first mass and last mass gener-
ated versus different number of unit cell (n). The considered
non-dimensional parameters are ζ1 = 0.03, ζ2= 0.1, μ = 0.2,
η= 1, κ = β = 0.05, Xg = 0.01, λ = 0.1 and, Γ = 0.61

amplitude of the first peak is attained. With the intro-
duction of softening effect, we achieve a more favourable
response as compared to hardening effect in terms of
vibration attenuation. The higher frequency response
of the system is independent of the hardening and soft-
ening coefficient. For the combination of softening and
hardening effect, the softening effect on first unit cell
and hardening effect on last unit cell (λ1 = − 0.1,
λ2 = 0.1) results in lower first peak, approximately
same as the case of both cell having softening coeffi-
cient. The hardening effect on the first unit cell and soft-

ening effect on the last unit cell (λ1 = 0.1, λ2 = − 0.1)
results in a peak between the purely hardening and soft-
ening cases. Thus, providing a softening effect in the
first unit cell is more preferable.

Simultaneous energy harvesting from resonators is
another intended function of the metastructure. The
effects of hardening and softening spring on total volt-
age are shown in Fig. 3B. For every unit cell, the
non-dimensional RMS voltage depends on the rela-
tive amplitude of inner and outer mass. Widening the
band gap results in more favourable results for energy
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harvesting. The numerical results show that the hard-
ening spring configuration obtains higher voltage as
compared to the softening spring configuration. For a
non-dimensional frequency (Ω = 0.6), we find the same
RMS voltage (V = 0.02) in every combination of soften-
ing and hardening coefficient. In Fig. 3C–F, we present
results considering 2-cell systems with hardening effect
on the first unit cell and softening effect on last unit
cell (λ1 = 0.1, λ2 = − 0.1). For Fig. 3C, D, the non-
dimensional parameter is taken as Γl1 = Γl2 = 0.61.
Figure 3C shows the non-dimensional steady-state RMS
amplitude of the first mass (m1) of the last unit cell
and Fig. 3D presents the non-dimensional steady-state
RMS total voltage for different excitation amplitudes
(Xg). It is observed that the non-dimensionless RMS
amplitude for higher amplitude excitation is larger for
first peak and smaller for other peaks. For higher fre-
quency, responses are less dependent on (Xg). The volt-
age output increases with the increase in (Xg). Figure
3E represents the non-dimensional steady-state RMS
amplitude of first mass (m1) of last unit cell and Fig.
3F represents the non-dimensional steady-state RMS
total voltage for a different combination of linear stiff-
ness coefficient (Γ). For obtaining the results of Fig.
3E, F, we have taken the amplitude as Xg = 0.1. It
is observed that as Γ increases for both unit cells, the
first peak response shows higher amplitude and the sec-
ond peak shows lower amplitude. A higher value of Γ
exhibits the hard spring character, while the lower val-
ues represent the soft spring character. The numerical
results indicate that the band gap can be maximized
for certain combinations of Γ. For example, considera-
tion of Γ = 0.65 and Γ = 0.58 for the first and second
cells, respectively, results in better band gaps and lower
resonating peak.

Figure 4 represents the response of multi-cell meta-
materials. The following parameters were used for
obtaining the results unless otherwise mentioned: ζ1 =
0.03, ζ2 = 0.1, μ = 0.2, η = 1, κ = β = 0.05, Xg = 0.01,
λ = 0.1 and, Γ = 0.61. Figure 4A presents the RMS
non-dimensional amplitude of the first mass of the last
unit cell (X1n) versus Ω considering different number of
the unit cell (n). Figure 4B shows the total voltage gen-
erated versus Ω for different number of unit cells (n).
Figure 4C presents RMS non-dimensional amplitude of
first mass of the first unit cell (X11) versus Ω for dif-
ferent number of unit cell (n). Figure 4D presents the
maximum peak of total voltage along with RMS non-
dimensional amplitude of the first mass and the last
mass versus different number of the unit cell (n). A
general trend is noticed that as the number of unit cell
(n) increases, the curves become smoother and last cell
amplitude tends to zero. For the first cell, amplitude
gets converged to a particular value and Ω does not have
significant effect on response up to a reasonably high
frequency value. As n increases, total RMS voltage (V )
becomes high and the curves become smoother. Thus,
increased number of cell shows a favourable outcome
for both the vibration attenuation and energy harvest-
ing, but at the expense of having more units and sub-
sequently more material. In the following paragraph,

we further investigate the effect of gradation and other
influencing parameters considering a multi-cell meta-
material with a particular value of n.

Figure 5 analyses a multi-cell metamaterial with
number of cells as n = 8, wherein the effects of function-
ally varying properties in different unit cells are inves-
tigated. Non-dimensional parameters used for obtain-
ing the numerical results of Fig. 5 are Xg = 0.1,
Γl1 = Γl2 = 0.61, ζ2 = 0.1, η = 1, κ = β = 0.05.
Considering μ = 0.2 and ζ1 = 0.03, Fig. 5A, B investi-
gate the effect of varying non-linear stiffness assuming
different power-law coefficients (n′) as

λ(i) = 0.2
(

i − 1
n − 1

)n′

− 0.1 (10)

Figure 5A presents the non-dimensional steady-state
RMS amplitude of the first mass (m1) of the last unit
cell and Fig. 5B shows the non-dimensional steady-state
RMS total Voltage. For n′ = 0 all unit cells have λ = 0.1
and for n′ = ∞ all unit cell have λ = − 0.1. The λ
values are changed by polynomial order (for example
n′ = 1 represents linear variation, n′ = 2 represents
parabolic variation and so on) from λ = 0.1 for the
first unit cell to λ = − 0.1 for the last unit cell. In
case of n′ = e, the λ is varied by exponential order
from λ = 0.1 for the first unit cell to λ = − 0.1 for the
last unit cell. The results reveal that the only first peak
has a significant impact of varying λ. For all cells hav-
ing hardening effect, the first peak assumes the largest
amplitude, while for all cells having softening effect, the
first peak assumes the smallest amplitude.

Figure 5C, D presents the compound influence of
Ω and μ on vibration attenuation and energy har-
vesting considering the non-dimensional parameters as
ζ1 = 0.03 and λ = 0.1 for all the cells. Figure 5C
shows the RMS non-dimensional amplitude of first mass
with the coupled variation of Ω and μ, while Figure
5D shows the RMS non-dimensional total voltage with
the coupled variation of Ω and μ. As μ increases, the
peak amplitude and peak voltage shift towards lower
frequency. As Ω increases, the metamaterial obtains a
peak of lesser amplitude and after Ω = 1.4 the effect
becomes marginal. As Ω increases, the peaks of total
voltage increase and subsequently decrease. Further-
more, it is noticed that a smaller value of μ results in
a larger total voltage. Figure 5E, F presents the com-
pound influence of Ω and ζ1 on vibration attenuation
and energy harvesting considering the non-dimensional
parameters as μ = 0.2 and λ = 0.1 for all the cells. Fig-
ure 5E shows the RMS non-dimensional amplitude of
first mass with the coupled variation of Ω and ζ1, while
Fig. 5F shows the RMS non-dimensional total voltage
with the coupled variation of Ω and ζ1. For a lesser value
of ζ1, we observe the multi-valley phenomena and sub-
sequently increase in both the amplitude and voltage is
noticed. Thus, for vibration attenuation it is preferable
to use larger ζ1, while a contradictory requirement is
found for simultaneously enhancing the energy output.
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Fig. 5 Effect of different system parameters and gradation
on the dynamic behaviours of 8-cell metamaterials. Non-
dimensional parameters considered are Xg = 0.1, Γl1 =
Γl2 = 0.61, ζ2 = 0.1, η = 1, κ = β = 0.05. A RMS non-
dimensional amplitude of first mass versus Ω for different
n′. B Total voltage generated versus Ω for different n′. In
A, B the non-dimensional parameters are μ=0.2, ζ1 = 0.03.

C RMS non-dimensional amplitude of first mass versus Ω
and μ. D Total voltage generated versus Ω and μ. In C, D
the non-dimensional parameters are ζ1 = 0.03, λ = 0.1 for
all cells. E RMS non-dimensional amplitude of first mass
versus Ω and ζ2. F Total voltage generated versus Ω and ζ2.
In E, F the non-dimensional parameters are μ = 0.2, λ =
0.1 for all cells
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4 Conclusions and perspective

This paper explores the simultaneous performance of
energy harvesting and vibration attenuation of mass-
in-mass metamaterials considering multiple unit cells.
Based on an analytical approach, we present dimension-
less results, revealing the crucial parameters for achiev-
ing the dual functionality. In 2-cell metamaterials, our
investigation reveals that introducing softening effect
gives more vibration attenuation as it decreases the
first peak amplitude and hardening effect gives more
energy harvesting. Increasing the input vibration ampli-
tude results in enhanced vibration energy, but this also
increases the amplitude peak. As we increase the num-
ber of unit cells, behavior of system tends to converge
to smoother patterns beyond certain numbers. After a
critical number of unit cells, the second transmission
zone (i.e., Ω > 0.6) completely vanishes and the volt-
age generation is maximized to a converged level. In a
multi-cell metastructure (analysed with 8 cells), intro-
ducing non-linearity only impacts on the first peak of
vibration amplitude, while for other frequencies, there
is negligible effect on vibration attenuation and voltage
generation. As we increase μ, voltage and amplitude
peaks shift towards the lower frequency, leading to the
notion of tuning performance of the metamaterial based
on the operational frequency range. It is revealed that
the resonant peak can be reduced by non-linear soften-
ing characteristics. For enhanced energy harvesting, a
smaller value of mass ratio is preferred, while a larger
value of damping characteristic is suitable for vibration
suppression. Under certain configurations, band struc-
ture of the phononic metastructure is capable of achiev-
ing absolute band gaps, resulting in frequency ranges,
where waves cannot propagate.

In summary, motivated by the elastic negative mass
metastructures, this work reports the enhancement of
vibration suppression, while achieving better energy
harvesting via non-linear attachments. A mathematical
model of the functionally graded metastructure having
linear spring with nonlinear attachments is developed
and analyzed numerically. The comprehensive results
presented on the effect of various system parameters
including their functional gradation would lead to the
design of multi-cell non-linear metamaterials for the
dual functionality of vibration attenuation and energy
harvesting based on an improved understanding of the
physical behaviour.
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