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Abstract Passive method is one of the best-suited methods for vibration reduction
of the primary structure. Energy harvesting converts vibration energy into useful
electrical energy which can be used to power up sensors used for monitoring. Non-
linear energy sinks (NES) are analyzed to passively reduce vibration of the structure
as well as energy harvesting simultaneously in this article. Current work considers
the applicability of common pendulum as the NES for mitigation linear primary
structure and electromagnetic energy conversion. It is observed that the pendulum
NES can overcome one of the main limitations of conventional tuned mass damper
(TMD) designs, as it has the capability to mitigate primary structure excitation and
harvest electrical energy over a wide range. This is because the pendulum has the
capability to operate both in linear and nonlinear zones that can be utilized into a
resonance of the primary oscillator. For small input excitation, the pendulum acts as
a conventional tuned mass damper. However, for larger energy input, the pendulum
acts in the nonlinear zone as NES to reduce primary mass vibration. Thus, a pen-
dulum can dissipate energies in a relatively broad spectrum. This article presents a
numerical analysis of pendulum NES for control and energy harvesting.
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1 Introduction

Protection of structures, machines and vehicles from excessive vibration is vital as
damage due to vibration can severely affect equipment’s service life. With emerge
of new sensing and control technologies can provide information about the health of
the structure. These tools can help to detect the initial damage in the system [1].
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Vibration isolation by passive methods has been widely studied by many
researchers. The main limitation of conventional linear isolators is that they are effec-
tive only if the natural frequencies of these isolators are nearer or below the excitation
frequency [2, 3]. This requires a low spring stiffness which makes the primary struc-
ture to undergo large static deflection. To address this issue, researchers analyzed
anti-resonant vibration which leads to the generation of anti-resonance frequencies
beyond the natural frequency [4]. This might have an advantage over conventional
isolator but still has a limitation on the isolation bandwidth with a single narrow
anti-resonance frequency.

To overcome the above limitations, nonlinearity has been used in designs in order
to improve the bandwidth of the vibration isolation system. Various nonlinear isola-
tors have been reviewed by Ibrahim [5] which indicates active research in this area.
Nonlinear damper and nonlinear stiffness are the two kinds of nonlinear elements
that have been studied [6, 7].

The nonlinear energy sink (NES) refers to an essentially nonlinear system con-
sisting of a small mass attached to a primary mass to attenuate the vibration under
various excitations [8]. NES provides the targeted energy transfer (TET) feature
which refers to its ability to irreversibly transfer energy from the primary system and
dissipating it within itself [9]. However, rather than dissipation, the vibration energy
can be converted into useful electric energy for minor energy needs. The process of
converting vibration energy into electric energy is called as energy harvesting.

Utilization of vibration energy for energy harvesting can be very useful for small
portable equipment or for equipment present in isolated regions [10, 11]. Conven-
tional energy harvesters have a limitation of harvesting energy at resonance [13].
Other options consisted of multimodal techniques [13, 15] or a switch to nonlin-
ear techniques [13, 14, 16]. While tuned mass dampers (TMD) and linear vibration
absorbers have been utilized for control of primary structure [17], limitations such as
negligible frequency robustness and poor performance for random vibration render
their utilization an infeasible task [17]. Attachment of auxiliary systems as energy
harvesters for vibration suppression has an advantage of vibration control and use-
ful energy harvesting [12]. Further investigations into nonlinear alternatives have
led to the development of nonlinear energy sink (NES). While it is successful in
suppressing primary systems’ responses, it can also perform simultaneous energy
harvesting. Such features allow vibration control in a broadband manner with simul-
taneous energy harvesting, making NES a lucrative and more advantageous system
when compared to its counterparts. Also, while it has yet not been fully investigated,
NES’s ability to increase operational bandwidth also allows it to effectively suppress
primary vibrations unlike the linear systems which falter when operated upon by
frequency varying excitation [17].

This paper analyzes a two-degree vibration isolation system, consisting of pri-
mary mass coupled with a pendulum NES with electromagnetic conversion system.
Amplitude of primary structure and voltage output from the NES are presented when
the primary system is under harmonic base excitation. Parametric study is conducted
to explore the effect of these on NES performance. Comparison of NES with TMD
is also presented to enumerate the advantages of NES.
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This paper has been divided into four sections. Section 2 describes the NES
harvester model with mathematical equations used for the simulations. Section 3
deals with the results and discussion followed by summarizing and providing the
relevant and observed conclusions in Sect. 4.

2 System Model

The system model is shown in Fig. 1. The primary system has mass M, damping c1

and linear stiffness k. The pendulum is mounted on the primary mass with provision
for electromagnetic conversion due to pendulum oscillation when primary system is
subjected to support excitation xg. It has mass m, mechanical and electrical damping
c2m and c2e, respectively, and length l.

Lagrangian of the system in terms of potential and kinetic energy is written as,

L = (M + m)
(
ẋ2

g + ẋ2
) + Mẋg ẋ − 1

2
kx2 − mgl(1 − cos θ)

+ 1

2
m

(
l2θ̇2 + 2ẋg ẋ + 2ẋl θ̇ cos θ + 2ẋgl θ̇ cos θ

)
(1)

Damping as through Rayleigh’s dissipation function is taken as,

D = 1

2

(
C1x2 + (C2m + C2e)θ

2
)

(2)

From the Lagrangian equation of motion with the voltage generated is written as:
where B is magnetic flux density, L is coil inductance and d is a gap between coil
and magnet.

(M + m)ẍ + ml cos θ θ̈ − ml2 sin θ θ̇2 + c1 ẋ + K x = −(M + m)ẍg

Fig. 1 System model with
pendulum NES harvester



1068 P. V. Malaji

ml2θ̈ + mlẍ cos θ + (c2m + c2e)l
2θ̇ + mgl sin θ = mlẍg cos θ (3)

v = BLd θ̇

An equation of motion in non-dimensional form is written as,

ü + ε cos θ θ̈ − ε sin θ θ̇2 + ζ1u̇ + u = f Ω2 cos(Ωτ)

θ̈ + cos θ ü + (ζ2m + ζ2e)θ̇ + r2 sin θ = f Ω2 cos(Ωτ) cos θ (4)

v = θ̇

The non-dimensional parameters are,

τ = ω2
1t, x = ul, ω1 =

√
k

M + m
, ω2 =

√
g

l

xg = Xg cos(ωt), ε = m

(M + m)
,Ω = ω

ω1

ς1 = c1

mω1
, ς2m = c2m

mω1
, ς2e = c2e

mω1

f = Xg

l
, r = ω2

ω1
(5)

Equation 4 will be solved numerically using ODE45 in MATLAB to obtain results
which will be presented in the next section.

3 Results and Discussion

In order to study the effect of the pendulum, NES on the primary system and voltage
output from NES parametric study on the system are considered. It is to be noted
that the parameters of primary systems are not changed. Therefore, the influence of
frequency ratio r, electrical damping ξ2e, mass ratio ε and excitation level f is con-
sidered. Following parameters shown in Table 1 are used unless otherwise changes
are mentioned.

Figure 2 shows the response of the primary structure without any absorber. The
structure exhibits peak amplitude at resonance as expected. To safeguard the structure
from failure at resonance, it is necessary to minimize the response of the primary
structure at resonance. This can be done by adding secondary structure as shown in
Fig. 1.

The response of the primary structure and voltage generated from NES is shown
in Fig. 3. With the introduction of NES, the amplitude of the primary system at
resonance has been reduced drastically. Ratio of primary and pendulum structure
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Table 1 Parameters used for
simulation

Parameter Value

Mass ratio ε 0.2

Ratio of frequencies of secondary and primary system
r

0.9

Damping factor of primary system ξ1 0.025

Damping factor of secondary system ξ2m 0.01

Electrical damping factor of secondary system ξ2e 0.05

Ratio of excitation amplitude to length of pendulum f 0.03
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Fig. 2 Primary system response without absorber
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Fig. 3 Effect of frequency ratio of primary system and pendulum NES a on primary system,
b voltage generated from NES. (Continuous line-F-forward sweep, dotted line-R-backward sweep)
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frequency r is varied to study its effect. With an increase in r, the response curve
of primary and NES structure shifts toward right. For r < 1, the amplitude u of the
primary system is almost zero at resonance when r > 1 the amplitude of primary
structure increases as shown in Fig. 3a. Multi-frequency voltage can be generated
from NES indicating broadband harvesting. Spring softening effect can be observed
at the second frequency which further increases frequency band as in Fig. 3b.

Effect of electrical damping on system performance is shown in Fig. 4. The elec-
trical damping is varied between 0.005 and 0.02. With the increase in electrical damp-
ing, the amplitude of primary structure away from resonance decreases indicating
vibration reduction. This also will affect the bandwidth of the voltage generated by
NES. Hence, an optimal value of electrical damping has to be selected to optimize
the amplitude of the primary structure and voltage generated.
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Fig. 4 Effect of electrical damping ξ2e a on primary system, b voltage generated from NES

0.5 1 1.5
0

1

2

u

f=0.01 F R

f=0.03 F R

f=0.05 F R

0.5 1 1.5
0

2

4

ΩΩ

v

f=0.01 F R

f=0.03 F R

f=0.05 F R

)b()a(

Fig. 5 Effect of excitation amplitude a on primary system, b voltage generated from NES, ξ2e =
0.01
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Figure 5 shows the effect of excitation amplitude f on the system which is varied
from 0.01 to 0.05. With the increase in excitation level, amplitudes of primary struc-
ture away from resonance increase as expected whereas the amplitude at resonance
remains the same as shown in Fig. 5a. Voltage amplitude and bandwidth from NES
increase with the increase in excitation level as shown in Fig. 5b. Spring softening
effect at the first frequency can also be observed at higher excitation.

Mass of the pendulum m has to be much smaller than the mass of primary system
M. The effect of mass ratio on the system performance is shown in Fig. 6. Increases
in mass ratio shift the response curve toward left. For the low value of mass ratio ε =
0.1, the amplitude of primary structure at resonance will be more compared to when
ε = 0.2 as shown in Fig. 6a. Voltage generated by NES at a low mass ratio will have
higher amplitude at both frequencies and peaks are nearer as shown in Fig. 6b.

To highlight the benefit of the NES with compared to the classic TMD, even at r =
1, a comparison is shown in Fig. 7. For the sake of comparison, all other parameters
are kept the same for both NES and TMD. The amplitudes with both NES and TMD
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Fig. 6 Effect of mass ratio a on primary system, b voltage generated from NES. ξ2e = 0.01
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Fig. 7 Comparison of TMD and NES at r = 1 a primary system, b voltage generated from NES.
ξ2e = 0.01, r = 1
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at resonance remain the same for the primary structure, whereas TMD produces
comparatively low amplitudes away from the resonance. The voltage generated by
NES has higher amplitude and better bandwidth compared to TMD.

4 Conclusion

From the analysis carried out in the manuscript, it can be mainly concluded that
regular damped pendulum with electromagnetic conversion provision can be used
as a nonlinear energy sink to mitigate vibration of primary structure and harvest
useful energy from NES. Also, NES exhibits better performance at a broader range.
Parametric study is carried out to understand the effect of parameters on system
performance. Further, a theoretical and experimental study with an optimization
study will be considered in the future.
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